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($FP$ ) ( $FP$ ) 2 (dc ) $DC$
$DC$ Tuy[3, 5]




$f(x)$ $:= \max_{=p,m_{f}}f_{p}(x),$ $g(x)$ $:= \max g_{q}(x)q=1,\ldots,m_{9},$ $h(x)$ $:= \max h_{r}(x)r=1,\ldots,m_{h}$ $f_{p},$ $g_{q},$ $h_{r}$ : $\mathbb{R}^{n}arrow \mathbb{R}$
$(p=1, \ldots, m_{f}, q=1, \ldots, m_{g}, r=1, \ldots, m_{h})$ $\mathbb{R}$ $\mathbb{R}^{n}$
$n$ 7 $f_{p},$ $g_{q},$ $h_{r}$ $f,$ $g,$ $h:\mathbb{R}^{n}arrow \mathbb{R}$ $\mathbb{R}^{n}$
$X:=\{x\in \mathbb{R}^{n}:h(x)\leq 0\}$ $X$ ( $FP$ )
( $FP$ )
(Al) int $X=\{x\in \mathbb{R}^{n}:h(x)<0\}\neq\emptyset$
(A2) $\exists\rho\in \mathbb{R}$ s.t. $\rho\geq\max\{\Vert x-y\Vert : x, y\in X\}$
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$($A3) $\inf\{f(x):x\in \mathbb{R}^{n}\}>0$ $\inf\{g(x):x\in \mathbb{R}^{n}\}>0$
int $X$ $X$ $\Vert x\Vert$ $x\in \mathbb{R}^{n}$ $x$
(Al) (A2) $X$ (A3)
$\theta$ $\mathbb{R}^{n}$ ($FP$ )
$\omega>0$
$(P(\omega))\{\begin{array}{l}minimize \psi(x;\omega) :=f(x)-\omega g(x)subject to x\in X\end{array}$
$f$ $g$ $\omega$ $(P(\omega))$ $\omega>0$ $f$ $g$
$(P(\omega))$ $\psi(x;\omega)$ dc
2.1 (Jagannthan [2])
$\overline{x}\in X$ ( $FP$ ) $\overline{x}$ $(P(\theta(\overline{x})))$
( $FP$ ) $(P(\theta(\overline{x})))$ min( $FP$ ) $\min(P(\theta(\overline{x})))$ $\overline{x}$ ( $FP$ )
(A3) 2.1
min($FP$ ) $= \theta(\overline{x})=\frac{f(\overline{x})}{g(\overline{x})}>0,$
$\min(P(\theta(\overline{x})))=f(\overline{x})-\theta(\overline{x})g(\overline{x})=0$
3
($FP$ ) Tuy[5] Dinkelebach[1]
SAM
$0.$
0-1. $y^{1}\in X$ $\omega_{1}:=\frac{f(y_{1})}{g(y_{1})}$ 0-2
0-2. $S\supset X$ $S\subset \mathbb{R}^{n}$ $S$ $V(S)$
$f(x’):= \max\{f(x):x\in V(S)\}$ $x’\in V(S)$ $\overline{t}>f(x’)$ $\tilde{t}\in \mathbb{R}$
$D:=\{(x, t)\in \mathbb{R}^{n}\cross \mathbb{R}:x\in X, f(x)\leq t\leq\tilde{t}\}$ 0-3
0-3. $P_{1}\supset D$ $P_{1}\subset\{(x, t)\in \mathbb{R}^{n}\cross \mathbb{R}:t\leq\tilde{t}\}$ $P_{1}\subset \mathbb{R}^{n+1}$
0-4
0-4. $(\overline{y},$ $t\gamma\in$ int $D$ $\tau\geq 0$ $k=1$ 1
1. $(x^{k}, t^{k})\in$ argmin$\{t-\omega_{k}g(x) :(x, t)\in V(P_{k})\}$ 2
2. ( $SC$ ) $y^{k}$ $\omega_{k}$
( $FP$ )






$y^{k+1}:=\{\begin{array}{l}x^{k} f(x^{k})-\omega_{k}g(x^{k})<0 x^{k}\in X y^{k} \end{array}$
$\omega_{k+1}:=\{\begin{array}{ll}\frac{f(x^{k})}{g(x^{k})} f(x^{k})-\omega_{k}g(x^{k})<0 x^{k}\in X \omega_{k} \end{array}$
$P_{k+1}:=P_{k}\cap\{(x, t)\in \mathbb{R}^{n}\cross \mathbb{R}:l_{k}(x, t)<0\}$
$l_{k}(x, t):=\langle(\begin{array}{l}d^{k}\xi_{k}\end{array}), (\begin{array}{l}xt\end{array})-(\begin{array}{l}z^{k}\eta_{k}\end{array})\rangle=\langle d^{k}, x-z^{k}\rangle+\xi_{k}(t-\eta_{k})$
$(d^{k}, \xi_{k})\in\partial\phi(z^{k}, \eta_{k})(d^{k}\in \mathbb{R}^{n}, \xi_{k}\in \mathbb{R})$
$(z^{k}, \eta_{k})\in[(x^{k}, t_{k}), (\overline{y}, t\gamma]\cap(bdD)$
$\phi(x, t) :=\max\{h(x), f(x)-t\}$
$\langle a,$ $b\rangle$ $a,$ $b\in \mathbb{R}^{n}$ $a$ $b$ $\partial\phi(z^{k}, \eta_{k})$ $(z^{k}, \eta_{k})$
$[(x^{k}, t_{k}),$ $(\overline{y}, tJ] (x^{k}, t_{k})$ $(\overline{y},$ $t\gamma$ bd $D$ $D$




SAM $k$ $f(x^{k})-\omega_{k}g(x^{k})<0$ $x^{k}\in X$
$0 \leq\theta(x^{k})=\frac{f(x^{k})}{g(x^{k})}<\omega_{k}=\frac{f(y^{k})}{g(y^{k})}=\theta(y^{k})$




$\tau=0$ SAM $k$ ( $SC$ )
$y^{k}$ ( $FP$ )
3.2
$\tau=0$ $\{(x^{k}, t_{k})\}$ SAM $\{(x^{k}, t_{k})\}$
$D$
3.3
$\tau=0$ $\{(x^{k}, t_{k})\}$ SAM $\{x^{k}\}$
$(FP\cdot)$ $\{y^{k}\}$ ( $FP$ )
SAM $\{x^{k}\}$ $\{y^{k}\}$ 3.3 $\{x^{k}\}$ $\{y^{k}\}$
( $FP$ ) $\tau>0$ 3.2 SAM
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4




$P\subset \mathbb{R}^{n}$ $\dim P=n$ $H$ $P$ $\dim P$ $P$
$F:=H\cap P$ $P$ $\dim F=1$ $F$
$P$ $\dim F=n-1$ $F$ $P$
SAM $k-1$ $(v(i), t(i))(i\in$
$\Delta_{k}),$ $F_{j}(i\in\Gamma_{k}),$ $\mathcal{V}_{i}(i\in\Delta_{k}),$ $\mathcal{F}_{i}(i\in\Gamma_{k}),$ $\alpha(k),$ $\beta(k)$
- $(v(i), t(i))(i\in\Delta_{k})$ $P_{k}$ $\Delta_{k}$ $P_{k}$
$-F_{j}(i\in\Gamma_{k})$ $\Gamma_{k}$
$-\mathcal{V}_{i}:=\{j:[(v(i),$ $t(i)),$ $(v(j),$ $t(j))]$ $i\in\Delta_{k}\backslash \{i\}\}.$





$h_{r}(r=1, \ldots, m_{h})$ (Al) $h(\overline{y})<0$ $\overline{y}\in \mathbb{R}^{n}$
( $\overline{y}\in$ int$X$ ) (A2) $X\subset B(\overline{y}, 2\rho)$
$S\supset X$ $n$ $S$
$S:=co\{\tilde{v}(1), \ldots,\tilde{v}(n+1)\}$ ( $V$ (S) $=\{\tilde{v}(1),$ $\ldots,\tilde{v}(n+1)\}$ )
$\tilde{v}(1):=(\overline{y}_{1}+2\rho, \ldots,\overline{y}_{n}+2\rho)^{T}$
$\tilde{v}(i)$ $:=(\tilde{v}(1)_{1}, \ldots,\tilde{v}(2)_{i-2},\overline{y}_{i-1}-2\rho(n-1+\sqrt{n}),\tilde{v}(1)_{i}, \ldots,\tilde{v}(1)_{n})^{T}$ $(\forall i=2, \ldots, n+1)$
$co\{\tilde{v}(1), \ldots,\tilde{v}(n+1)\}$ $\{\tilde{v}(1), \ldots,\tilde{v}(n+1)\}$ $(\overline{y}_{1}+2\rho, \ldots,\overline{y}_{n}+2\rho)^{T}$
$(\overline{y}_{1}+2\rho, \ldots,\overline{y}_{n}+2\rho)$ $S$ $\check{t}:=\min\{f(x);x\in S\}$
$P_{1}$
$P_{1} :=\{(x, t)\in \mathbb{R}^{n}\cross \mathbb{R}:x\in S,\check{t}\leq t\leq\tilde{t}\}$




$(v.(i), ti);=\{\begin{array}{ll}(\tilde{v}(i),\check{t}) (1\leq i\leq n+1)(\tilde{v}(i-n-1),\overline{t}) (n+2\leq i\leq 2n+2)\end{array}$
$\Delta_{1}:=\{1, \ldots, 2n+2\}$





$F_{\iota’}:=\{\begin{array}{ll}co\{(v(j), t(j)):j\in\Delta_{1}\backslash \{i, i+n+1\}\}| (1\leq i\leq n+1)co\{(v(1), t(1)), \ldots, (v(n+1), t(n+1))\} (n=n+2)co\{(v(n+2), t(n+2)), \ldots, (v(2n+2), t(2n+2))\} (n=n+3)\end{array}$
$i\in\Delta_{1}$ $\mathcal{F}_{i}$
$\mathcal{V}_{i}:=\{\begin{array}{ll}(\{1, \ldots, n+1\}\backslash \{i\})\cup\{i+n+1\} (1\leq i\leq n+1)(\{n+2, \ldots, 2n+2\}\backslash \{i\})\cup\{i-n-1\} (n+2\leq i\leq 2n+2)\end{array}$




SAM 3 $P_{k+1}=P_{k}\cap\{(x, t)\in \mathbb{R}^{n}\cross \mathbb{R}:l_{k}(x, t)\leq 0\}$ $l_{k}(v(i_{k}), t(i_{k}))>0$
$V(P_{k})\backslash P_{k+l}\neq\emptyset$ $V(P_{k+1})B$ $l_{k}(v(i), t(i))>0$
$i\in\triangle_{k}$
4.1
$P\subset \mathbb{R}^{n}$ $l:\mathbb{R}^{n}arrow \mathbb{R}$ $v’,$ $v”\in V(P)$ $l(v’)>0$
$l(v”)>0$ $l(\hat{v})>0$ $\hat{v}\in V(P)\backslash \{v’, v"\}$ $[v’, v”]$
$P$
4.2
$P\subset \mathbb{R}^{n}$ $\hat{v}\in V(P)$ $P’:=$ co $(V(P)\backslash \{\hat{v}\})$ $v’,$ $v”\in V(P)$
$(v’\neq v")$ $[v’, v”]$ $P’$ 1
1. $[v’, v”]$ $P$
2. $[\hat{v}, v’]$ $[\hat{v}, v"]$ $P$
4.3
$P\subset \mathbb{R}^{n}$ $l:\mathbb{R}^{n}arrow \mathbb{R}$ $v’,$ $v”\in V(P)(v’\neq v")$
$l(v’)>0$ $l(v”)>0$ $\hat{v}(1)=v’,\hat{v}(s)=v",$ $l(\hat{v}(i))>0(\forall i\in\{1, \ldots, s\})$
$\hat{v}(1),$ $\ldots,\hat{v}(s)\in V(P)$ $[\hat{v}(i-1),\hat{v}(i)](i\in\{2, \ldots, s\})$ $P$
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4.3. SAM $k$ $l_{k}(v(i), t(i))>0(\forall i\in \mathcal{M}_{k+1})$
$l_{k}(v(i), t(i))\leq 0(\forall i\in\Delta_{k}\backslash \mathcal{M}_{k+1})$ $\mathcal{M}_{k+1}\subset\Delta_{k}$ $i_{1}\in \mathcal{M}_{k+1}$
$i_{2}\in \mathcal{M}_{k+1}$ $l_{k}(v(i_{1}), t(i_{2}))<0$ $[(v(i_{1}),$ $t(i_{1})),$ $(v(i_{2}),$ $t(i_{2}))]$
$(v’, t’)\in[(v(i_{1}),$ $t(i_{1})),$ $(v(i_{2}),$ $t(i_{2}))]$ $(v’, t’)\in V(P_{k}+1)\backslash P_{k}$
$-(v’, t’)\in F_{j}(\forall j\in \mathcal{F}_{i_{1}}\cap \mathcal{F}_{i_{2}})$
$-(v’, t’)\in F_{\beta(k+1)}$
$\beta(k+1)$ $:=\beta(k)+1$ $F_{\beta(k+1)}$ $:=P_{k+1}\cap\{(x, t)\in \mathbb{R}^{n}\cross \mathbb{R}:l_{k}(x, t)=0\}$
SAM $k$
A
$0.$ $\mathcal{M}_{k+1}:=\mathcal{M}_{k+1}’:=\{i_{k}\},\mathcal{W}_{k+1}:=\emptyset,$ $\alpha(k)$ $:=\alpha(k),$ $\beta(k+1)$ $:=\beta(k)+1$ 1
$\circ$




2-1. $\mathcal{T}=\emptyset$ 3 $\kappa\in \mathcal{T}$ 2-2
2-2. $l_{k}(v(\kappa), t(\kappa))>0$ 2-3 $l_{k}(v(\kappa), t(\kappa))<0$ 2-4
2-5
2-3. $\kappa\not\in \mathcal{M}_{k+1}’$ $\mathcal{M}_{k+1}arrow \mathcal{M}_{k+1}\cup\{\kappa\},$ $\mathcal{M}_{k+1}’arrow \mathcal{M}_{k+1}’\cup\{\kappa\},$ $\mathcal{V}_{\kappa}arrow \mathcal{V}_{\kappa}\backslash \{i\}$
2-6
2-4. $(v(\alpha(k+1)+1), t(\alpha(k+1)+1)),$ $\mathcal{F}_{\alpha(k+1)+1},$ $\mathcal{V}_{\alpha(k+1)+1}$







$\mathcal{V}_{\alpha(k+1)}$ 4 4 $C$
$\mathcal{V}_{\alpha(k+1)+1}$ 2-6
2-5. $\mathcal{V}_{\kappa},$ $\mathcal{F}_{\kappa},$ $\mathcal{W}_{k+1}$
$\mathcal{V}_{\kappa}arrow \mathcal{V}_{\kappa}\backslash \{j\}$
$\mathcal{F}_{\kappa}arrow\{\begin{array}{ll}\mathcal{F}_{\kappa}\cup\{\beta(k+1)\} (\beta(k+1)\not\in \mathcal{F}_{\kappa} )\mathcal{F}_{\kappa} ( )\end{array}$
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2-6
$\mathcal{W}_{k+1}arrow\{\begin{array}{ll}\mathcal{W}_{k+1}\cup\{\kappa\} (\kappa\not\in \mathcal{F}_{\kappa} )\mathcal{W}_{k+1} ( )\end{array}$
2-6. $\mathcal{T}arrow \mathcal{T}\backslash \{\kappa\}$ 2-1
3. $\mathcal{M}_{k+1}’arrow \mathcal{M}_{k+1}’\backslash \{i\}$ 1
- A $i\in \mathcal{M}_{k+1}$
$(v(i), t(i))\in V(P_{k})$ $(v(i), t(i))\not\in V(P_{k+1})$
$\mathcal{M}_{k+1}$
- A $(v(\alpha(k)+1), t(\alpha(k)+1)),$
$,$
$(v(\alpha(k+1)), t(\alpha(k+1))),$ $\Delta_{k+1},$ $\alpha_{k+1},$ $\beta_{k+1}$
$V(P_{k+1})=\{(v(i), t(i)):i\in\Delta_{k+1}\}$
$-$
- A $i\in \mathcal{W}_{k+1}$ $l_{k}(v(i), t(i))=0$ $\mathcal{W}_{k+1}\subset\triangle_{k+1}$
$\mathcal{W}_{k+1}=\{\alpha(k)+1, \ldots, \alpha(k+1)\}\cup\{i\in\Delta_{k}:l_{k}(v(i), t(i))=0\}$
$-4$ 4 $C$ $\mathcal{V}_{i}(i\in \mathcal{W}_{k+1})$
- $i\in\Delta_{k+1}\backslash \mathcal{W}_{k+1}$ $\mathcal{V}_{i}$ A
4.3
4 2 $V(P_{k+1})$ A $(v(\alpha(k)+1), t(\alpha(k)+1)),$ $\ldots,$ $(v(\alpha(k+$





$F(\beta)$ $P$ $i\in\{1, \ldots, \beta\}$
$j\in\{1, \ldots, \beta\}\backslash \{i\}$ $F_{\iota’}\not\subset$
4.4 $i\in\Gamma_{k}\cup\{\beta(k+1)\}$ $j\in\backslash (\Gamma_{k}\cup\{\beta(k+1))\backslash \{i\}$ $F_{i}$ $V(P_{k+1})\subset F$
$i\not\in\Gamma_{k+1}$ $i\in\Delta_{k+1}$ $\Gamma_{k+1}$ $\mathcal{F}_{i}$
B




2. $\Psi_{i}:=\{\kappa\in\Delta_{k+1}:i\in \mathcal{F}_{\kappa}\}$ $\Psi_{i}=\emptyset$ $|\Psi_{i}|<n$ $\Gamma_{k+1}arrow\Gamma_{k+1}\backslash \{i\}$
4 $|\Psi_{i}|$ $\Psi_{i}$ 3
3.
3-0. $j:=i+1$ 3-1
3-1. $i:=\beta(k+1)+1$ 4 $i\not\in\Gamma_{k+1}$ 3-4
3-2
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3-2. $\Psi_{j}:=\{\kappa\in\Delta_{k+1}:j\in \mathcal{F}_{\kappa}\}$ $\Psi_{j}=\emptyset,$ $|\Psi_{j}|<n$ $\Psi_{j}$
$\Gamma_{k+1}arrow\Gamma_{k+1}\backslash \{j\},$ $\mathcal{F}_{\kappa}arrow \mathcal{F}_{\kappa}\backslash \{j\}$ 3-4 3-3
3-3. $\Psi_{i}\subset\Psi_{j}$ $\Gamma_{k+1}arrow\Gamma_{k+1}\backslash \{i\},$ $\mathcal{F}_{k}arrow \mathcal{F}_{\kappa}\backslash \{i\}$ 4 :
3-4
3-4. $jarrow j+1$ 3-1
4. $iarrow i+1$ 1
4.4
A $\mathcal{V}_{i}(i\in \mathcal{M}_{k+1})$ $V(P_{k+1})$ SAM
$k$ $V(P_{k’})(k’>k)$ $f\sim\llcorner$ $\mathcal{V}_{\alpha(k)+1},$ $\ldots,$ $\mathcal{V}_{\alpha(k+1)}$
$\mathcal{V}_{i}$ $(i\in\{i\in\Gamma_{k}:l_{k}(v(i), t(i))=0\})$
4.5
$P\subset \mathbb{R}^{n}$ $\dim P=n$ $\{F_{i}:i\in\Gamma\}$ $P$
$\Gamma$ $P$ $[v’, v”](v’, v”\in V(P), v’\neq v")$ $P$
$i=1,$ $\ldots,$ $n-1$ $[v’, v”]\subset F_{i_{j}}$ $i_{1},$ $\ldots,$ $i_{n-1}\in\Gamma$




1. $j=\alpha(k+1)$ $\circ$ $j\not\in \mathcal{W}_{k+1}$ 3 2
2.
2-0. $\kappa:=j+1$ 2-1
2-1. $\kappa=\alpha(k+1)+1$ 3 $\kappa\not\in \mathcal{W}_{k+1}$ 2-3
2-2
2-2. $|\mathcal{F}_{j}\cap \mathcal{F}_{\kappa}|=n-1$ $arrow \mathcal{V}_{j}\cup\{\kappa\}$ $\mathcal{V}_{\kappa}arrow \mathcal{V}_{\kappa}\cup\{j\}$ 2-3
2-3. $\kappaarrow\kappa+1$ 2-1
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